THE SUBGROUPS OF ORDER A POWER OF 2
OF THE SIMPLE QUINARY ORTHOGONAL GROUP
IN THE GALOIS FIELD OF ORDER p"=28/+3"

BY

LEONARD EUGENE DICKSON

1. The group of all quinary orthogonal substitutions of determinant unity in
the GF [ p"], p> 2, has a subgroup O, of index 2 which is simple. The
latter is simply isomorphic with the quotient-group @) of the quaternary abelian
group and the group composed of the identity and the substitution which merely
changes the sign of each variable. The difficulty in the employment of @ is
apparent, while for O, there is unfortunately no known practical { criterion to
distinguish its substitutions from the remaining quinary orthogonal substitu-
tions. While the abelian form seems best adapted to the determination { of
the subgroups of order a power of p, the orthogonal form is found to possess
advantages in the study of the subgroups of order a power of 2.

The case p™ = 8/ &= 3, namely, that in which 2 is a not-square in the G#'[ ;" |,
is here treated on account of its simplicity (compare in particular §§ 2, 4,5, 22)
and in view of the applications to be made in subsequent papers in these
Transactions to the determination of all the subgroups when p” = 3 and

"=25.

There is established the remarkable result that, independent of the values of
p and n (such that p" is of the form 8/ + 3), the group O, contains the same
number of distinct sets of conjugate subgroups of order each power of 2, one set
of representatives serving for every O, (compare the diagrammatic summary in
§ 21, the group notations being given in earlier sections in display formulz sepa-
rately numbered). Moreover, except for the subgroups of orders 2, 4, and certain
types of order 8, the order of the largest subgroup of O, in which a group of
order a power of 2 is self-conjugate is independent of p and n.

* Presented to the Society at the Boston meeting, August 31-September 1, 1903. Received for
publication, July 28, 1903.
tIn the theory we have recourse to the generators (see § 2). When this becomes impractic-
able, we resort to the isomorphism with the abelian group by means of the ‘‘second-com-
pound ’’ theory (compare §§ 11, 40, 44).
t Transactions, vol. 4 (1903), pp. 371-386.
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By way of check, it may be stated that the results of §§ 10, 11 and all after
§ 21 were first established by other methods in the case p* = 3 and in part for
_p" =5.
ORIENTATION OF THE CASE p" = 8/ + 3, §§ 2-5.
2. The simple quinary orthogonal group O, in the GF [ p"], p > 2, has the
order

1) @, ,=3p"(p" —1)(p* —1).
‘We observe the following lowest orders:
Q, ;=2%38*5, Q, ,=2°-8%-5*13, Q, ,=28-32.5%.T¢,

Q, ;=2°-3%-5%11*-61, Q, ,=2°-8%-5-7%-18* 17,
Q, ;=285 -17*-29, Q, ,,=2°-8*.5%-19*-181, Q, ,=28-8%.5°-41,
Q,,=2%38-5°13-818, Q, , =2-8-5*-75-1201, Q, ,=2°-8"%-5-7%-18%-73.
Let p* =2k + 1. Then }(p*™ + 1) is odd, while
(P — 1F = 2¢ [J(k + 1)]°.

Hence Q, _ is always divisible by 2°. The condition that 2° shall be the high-
est power of 2 occurring as a factor is that 2k(% + 1) shall be odd. Accord-
ing as k=2t or k=2t—1,we have k=4j+ 2 or k=4j + 1, upon replac-
ing the odd number ¢ by 2j + 1. Hence p" = 8j + 5 or 8j + 3, respectively.

THEOREM.  The highest power of 2 occurring as a factor of Q, , is 2% if

and only if p"=8l+3.
3. By Linear Groups, §§ 181, 182, 189, O, is generated by

(@) &f =0y,  Op7OR7 (i) k1=1,-,5),
where a and B are arbitrary solutions of «* 4 3> =1, p and o fixed solutions,
Oxf : & = af + BE;, E = —BE + af; (at 4 B2=1),

the cases p" = 3 and p" = 5 alone being exceptional. Let
(&€): £=§, §=E&,

noting that these linear substitutions do not compound as literal substitutions ;

for example, (£ £,)(§,&,) = (£,68,). Let
C:: E=—-& §&=§ (=1, 5;j%i).
Then for p" = 3, the generators are the C,C;, (§§,)(£.£,), and

W= W-2: §=6—-§&—-§—-E&, E,=F—E+E+E,

E;=El+f2—§3+gl’ §;=£1+£2+£3—§4°
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For p" = 5, the generators are the C,C,(£,§,)(£,§), and
R=R*:  E=b+5+2, E=L+2+E E=2%+L+E.
4. The conditions that @ ? shall reduce to (§£,)C; are
2a2=1, 2aB="'19

solutions of which exist in the GF [ p"], p > 2, if and only if 2 is a square.
Now 2 is a quadratic residue of all primes of the form 8% == 1 and a quadratic
non-residue of all primes 8%+ 3. Hence (Linear Groups, §62), 2 is a not
square in the GF[p"], p > 2, if and only if p" is of the form 87 + 3.
THEOREM. The second type of generators (2) may be replaced by (,£,)(€,§,)
if and only if p" = 81+ 3.
5. We are therefore led to the group * merely permuting &, ..., £2; viz,

3) G, = { group generated by all the C;C; and (&.£,)(£,&)}.
For brevity set C, = C,C,C,C,C,. Then G, has the commutative subgroup
4) Ge={I, 00, (i,j=0,1,2,8,4,5;;j>1)}.

The alternating group on 5 letters is simply isomorphic with the subgroup

(5) G\ = { group generated by all the (£,)(£,E,))-
Extending the group G, by the substitutions

B, = identity, B,=(&§)(&E), By=(&&)(&E), Bi=(£8)(4E),

we obtain a subgroup of G, whose substitutions are given uniquely thus:

6 Gy={B,BCC (k=1,2,8,4;i,j=0,1,...,56;j>1)}.
THEOREM.  The subgroups of Oy, of order the highest power of 2 contained

m Q are of order 2° and conjugate with G, if and only if p™ is of the form
8l 3; namely, if 2 is a not-square in the GF [p*], p > 2.

REPRESENTATIVES OF THE SETS OF CONJUGATE SUBGROUPS OF ORDER
A POWER OF 2 wITHIN O,, §§6-21.
Distribution of the substitutions of G, into sets of conjugates.
6. The substitutions in the four following sets
1, .G, CC, CC,CC,; cc, cc,, ccaoec, c,c0o0;
cc,, C.C,, CCC.e., CC,CC; ca, cc, Cc0C, CC;

transform B, into B,, B,C,C,, B,C,C,, B,C,C,C,C,, respectively. Further,

* Two sets of generational relations for Gy, are given in Linear Groups, p. 293.
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the B, are commutative. Hence B, is conjugate within G, only with B,,
B,C C,, B,C,C,and B,C,C,C,C,. Now (&,E,) transforms G, into itself if
k=2,30r4. Henceif [ and m denote the two integers left in the set 2, 3, 4
after the exclusion of £, the substitutions

Bk’ BkOIOI:’ quo

m? Bk 01 a.’ 03 04

form a complete set of conjugates within G/;,. Next B, transforms C,C; into
C.C,, so that the substitutions C;C;(i=1, 2, 3, 4) form a complete set of
conjugates. Since B,, B, and B, transform C,C, into C,C,, C,C, and C,C,,
respectively, 7 (U, is conjugate only with itself and C,C,. Likewise for C,C,
and C,C,, for C,C, and C,C,. Evidently C,C,C,C, is self-conjugate.
Hence B,, B, and B, transform B, C,C, into B,C,C,, B, C,C,and B, C,C,,
respectively ; while the substitutions of G, transform B,C,C, into B,C, C,,
B,C,C,, B,C.C,, B,C,C, and transform B,C,C, inte B,C,C,, B,C,C,,
B,C,C,, B,C,C,. Hence B,C, C, is conjugate only with itself and B,C,C,,
B,C,C,, B,C,C,. Applying the above transformation (£,£,), we obtain the
conjugates to B, C, C,.

Since B, is one of four conjugates and since B, transforms 73,C C; into
B,C.C,, it follows that the substitutions of G, transform B,C,C; only
into B,C,C,, B,C,C,C.C,, B,C,C,CC,, or B,CC,C,C,C.C = B,C.C,,
where 1=1,2,3,4. Hence B,C,C; is conjugate only with B,C,C, and
B,C.C\(i=1,2,8,4). Applying the transformation (£,£,), we obtain the
conjugates to B, C, C;.

The substitutions of G, fall into the following 16 distinct sets of conjugates :

{I}; (01020304}; {0101;’ Olom}; {Cios(i=1’ 2) 3, 4)};
{Bk’ BkCXOIc’ BkaC’m’ Bk01020304}; {Oioo(i =1,2,3, 4)};
{BkOI(]l’ BkOlO Bkokoz’ BkaOm}; {BkCiOti’ quoo(": =123, 4)};

where k=2, 3, 4, while I and m denote the two integers left in the set 2, 3,
4 after the exclusion of k, the order of 1 and m being immaterial.

Determination of all the self-conjugate subgroups of G,.

7. If a self-conjugate subgroup A contains one C,C,, it contains them all
and hence also every C.C,(i, j=1, 2, 3, 4), so that X contains G- Simi-
larly, if H contains one C,C,, it contains G,,. If H contains C,C,, or B,,
or B,C,C,, it contains the respective commutative group

M &i= {1, .0, CC,, C,C,C0C, 5,
(8) Gg: {Ba’ BiOICk’ BiOO B.'01020304(i= 1, k)}’

1~ m?

(9) H§= {Z, 0101:’ Clom’ 01020304’ BkOIOI’ B.C\C,, B,C.C, BkOkOm}'
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If H contains one B, C,C;, it contains the group

1o #HY={I, CC, CCcC.CC,BCC, BCC(i,j=1,2,38,4)}.
Hence the self-conjugate subgroups of G, are given by the series

1y 1, ¢,= {1, ¢, c,c,C}, 6%, ¢t HE, G, HF (k=2,38,4),

together with the groups resulting from the combination of two or more of them.

Now @, is a subgroup * of all of order > 2; while G* is a subgroup of G%,
H;, G, Hi, H},, Hi,. Any two of the groups G combine into

16° 16 16

(12) G,={1, C,C, CC,CC, (i,j=1,2,8,4)}.
Combining H* with either G or G, we obtain the group
(18) 4= {1, €,C}» C,C,0,C,, B, B,C,C,. B,C,G,C,C, (irj=1,2,3,4)].

The same group results from the combination of G* with either G} or G
also from the combination of G% with H?. Combining /% with either G| or
Gy, we get the group of all the substitutions of ,, which leave £, fixed:

(14) G,={B, B,C.C BCC,CC, (t,i,j=1,2,8,4)}.
Combining any two of the groups GZ, GF, G}, or any two of the groups
H;, H}, H;, we obtain G;,. Combining G/, with any one of the groups
Gt, Ht, H* , we obtain the group
s Jy,=1{1,CC, B, B,C.C (i,j=0,1,2,3,4,5; j>1)}.
The same group results from the combination of H}; with either G% or H}.
Combining H'!, with either G%* or H%, we obtain the group
(16) H:,= {1, C,C;, G,0,C,C,, B, B,C,C;, B,C,C,C,C,, B,C,C,, B,C,C,)
(6,j=1,2,8,4;¢t=2,3,4;t+k).

We have now combined the groups (11) by pairs in every possible way.

The groups G5, G3, G}, G, all lie in each of the five new groups (12)—(16),
while G, lies also in G, and H%,. Now G} and H; lie in J%;, G,,, J3,, H},,

but neither lies in J|,, Ji,, H.,. Also G lies in every J%,, but not in G

169 327
3 k 3 E 13 1 k l m 1 ! k
nor in any H%,. Finally, H% liesin J%,, H.,, Hy,,but not in G,,, J},, Hf,.

We have therefore to consider the following compositions:
(G5, Gy)=(H3, Gy) =Tl (G5 Ti) = (Hy, Ii5) = G,
(G5, J3,) = (Hys I 3) = Gy» (Gs, Hy,)=(Hy, Hy,) = Gyys

8

329

* Hence the self-conjugate subgroups may also be determined from a study of the quotient-
group G,/ G,.
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(Gw’ J?6)=J§2’ (Gw’ Gsz)=(G16' H§2)=(‘H’;6’ G32)= Gev
(Hiy Ih) =J 5y (Hi, J)=Hy,, (Hi, Jy)=(H, Hy,)= G

16°? 649

noting finally that any two of the groups G,,, J%,, H%,, H;, combine into G,.

THEOREM. The group G, contains, in addition to itself, exactly the 26 self-
conjugate subgroups given by formule (11)—(16).
COROLLARY. The only subgroups of order 82 of G, are

Go» J 500 H, (k=2,3,4).

REMARK. Any three groups marked with the affix k(%2 = 2, 3, 4) are con-

jugate in O,. No two of the groups J3,, H3,, G, are conjugate in O in view
of the number of sets of conjugate substitutions in each (§§ 8-10).

Determination of all the self-conjugate subgroups of J3,.

8. Proceeding as in § 6, we readily find that the substitutions of /3, fall into
the following 14 distinet sets of conjugates:

{1} {C.GO0 L {00} (GO} (G0, G0} {C0, GGl

{0,C,.C,0,};{0,C,.0,C.};{ C,0,C,C,,C,0,C,C,); { C,C,C,C,, C,C, 0, C,;
{B,, B,C,C,, B,C,C,, B,C,C,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,};
{B,C,C,, B,C,C,, B,C,C,, B,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,}.

If a self-conjugate subgroup A contains C,C, or C,C,, it contains the group
G? or the group G|, respectively. If H contains C,C; or C,C;, it contains
one or the other of the commutative groups

(17) I(4= {I’ 0105’ 0305’ 0103}’ K;= {I’ 0205’ 0405’ 0204}°
If H contains C,C,C,C, or C,C,C,C, it contains one or the other of
K;’ = {I’ 01020305’ 01030405’ 0204}’
K;”= {I’ 01020405’ 02030405’ 0103}°

If H contains B,, it contains G3. If H contains B,C, C,, it contains ;. If
H contains B,C,C, or B,C,C;, it contains the respective commutative group :

(19) 'K‘3= {I’ 0103’ 0204’ 01020304’ BSOIO.’)’ 'B30305’ 'B30100’ B3C300}’
(20) K; = {I’ 0103’ 0204’ 01020304’ B30205’ B30405’ B30200’ B30400}'
Hence the self-conjugate subgroups of J%, are given by the series

1, Gz’ G;= {I’ 0103}’ G;l= {I’ 0204}’ Gi’ G:’

(18)

(21)

’ >’ rre 3 3 ’
K,K,K/\K/, G, H, K,, K,
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together with the groups resulting from their composition. Now
(@), &)= (G,, G))=(G,, G))= Gi.

Also, G, lies in every G, G, H}, K, K; (G,, K,) and (G,, K ) give
(22) Gi,i = {1, 0x031 C.C,, C,C, 00, CC;, C,C;, GG, C,C},
@) &/={I, 0.G, G0, 0G0, G0, CC, G0, C,C},
respectively.  Also,

(@ H)= G, (Gy, K)')= Gy, (G, G)) = (G, G)) = G,

(65, K) =G/, (G,, K)= G,
while G, lies in K,, X", G5, H}, K,, K, G;, G/, G,. Since
C¢,0,= C.C,- ¢, C,C0C,,

nothing new results from a combination by @,’, By §9, the groups
Gi, G, Gy, G}, H} and G combine to give only the additional group J?,.
Now G%, G} or G combine with any of the groups K, K,, K,', K,", G;, G}’
to give ;. Combining G or G with either A, or K, we get /*,. Com-
bining G with either K, or A,"’, we get G;; G with either K| or K ,’, we
get G;’. Now G is a subgroup of K, K, G, G; and G;'. Next, K, with
K, or K| gives G i, K, or K, with K" gives G, K, with K"’ gives @},
K, with K’ gives G;’. Next, (K,, G) and (K, G?) are respectively

8 8

24 G, Bi’ 850103’ 'BiOZ’O-{’ Bi01020304’ }
@) o { B,C,C,, B,C,C,, B,C,C,, B.C,C,(i=1,3)]’
(25) G, = B;' G, B,.

Also, K" with G gives G|;, K" with G5 gives G,;, K, and K, with H?
give

'H;6= {I’ 0103’ 0204’ 01020304’ 0105’ 0306’ 0100’ 0300’ 'B30102’

(26)

'B30104’ B30203’ B3CY304’ B30205’ 'B30405’ 'B30200’ B30400}’
(27) Hs = By'H, B,
respectively. Next, A}’ with H? gives H,;, K,”' with H? gives H,

(K, Ky) = (K", Ky)= Gy, (K, Ky)= (K, K)=H.

Interchanging the subscripts 1 with 2 and 3 with 4, we obtain as the compounds
of K with K,, K, K,', K", the groups H,  and H,;. Next,

(G5 Ky)= Gy (G5, Ky) = Gy, (Hy, Ky) = Hyg,, (Hy, Ky)=Hg,

16"

(K, K) = Hi, (Gy, G3) = G, (G5, Hy) = Hy, (G, GF) = G,
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and (G, HY)= H,;. TFinally, a combination of a group of order 16 with a
group not a subgroup of it evidently gives J3,.
THEOREM. The group J3, contains exactly 26 self-conjugate subgroups :

’ r 2 3 ’ R
1,6, @G, a6, 6, LK, K, K/, K", Gi, H,
U Yy’ 12 ol ’e ’ re 3 3 3
’Kvs’ KS’ GS’ (TB’ GS ? G16’ Glﬁ’ GIG’ H16’ HIS’ JlG’ 'HIG’ J32'

COROLLARY. There are exactly T subgroups of order 16 of J3,.

Determination of all the self-conjugate subgroups of H3,.
9. Its substitutions fall into the following 11 distinct sets of conjugates:

(I}; {C,C,C0; {CC,, C,Cl; {CC,, C,C}; {C,C, C,C};

{B,, B,C,C,, B,C,C,, B,C,C,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,};
{B,0,C,, B,C,C,, B,C,C,, B,C,C}}; {B,C,C,, B,C,C;, B,C,C,, B,C,Ci};
(B,C,C,, B,C,C,, B,C,C,; B,C,C,}; {B,C,C,, B,C,C,, B,C,C,, B,C,C,}.
Forming the group generated by each substitution and its conjugates, we get

I, G, @, G, G\ G5, HS, H?,, H*,, H',, H',,

16° 16°

respectively. Combining two or more of them, we obtain the additional groups
P y g group

G,, J%,, H:,.

16

THEOREM. The only self-conjugate subgroups of H3,, aside from itself
and the identity, are G,, G%, G, Gi, G, H}, Gy, H};, H};, J ;.
COROLLARY. There are exactly 8 subgroups of order 16 in H?,.

The self-conjugate subgroups of G,.

10. Its substitutions fall into exactly 17 distinct sets of conjugates. Indeed,
aside from the self-conjugate substitutions 7 and C,C,C,C,, any substitution S
is conjugate only with itself and SC,C,C,C,. Now every substitution of G,
is of period 2 except identity and the following 12:

B.CC, B.C.C, (k,1=2,3,4; k+1),

the square of any one of which is C,C,C,C,. It follows that, if .S ranges over
a set of 15 substitutions obtained by taking one and only one of each pair of
conjugates within G,,, the groups

@8 I, ¢,= {1, C,C,C,0,}; Ki={I, C(0CC, S8, §CC,CC,},

together with the groups resulting from their composition, give all the self-con-
jugate subgroups of Gy,.
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It is more convenient to proceed by a different method. From what precedes,
the quotient-group @, = @,,/ G, is a commutative group all of whose operators,
aside from the identity, are of period 2. The quotient of

(16 —1)(16 —2)(16 —4) by (8 —1)(8—2)(8 —4)

gives 15 as the number of subgroups of order 8 of @,,. Likewise, it contains
35 subgroups of order 4 and 15 of order 2. To every self-conjugate subgroup
of G,,, necessarily containing C,C,C,C, (as shown above), there corresponds
an unique subgroup of ), and inversely. We may thus readily obtain all the
self-conjugate subgroups of G,,. Those of orders 1, 2, 4 are given by (28).
We desire in particular those of order 16.

Denote by a, b, ¢, d a set of generators of .. As generators of its 15
subgroups of order 8, we may take

(a,b,¢); (a,b,d); (a,c,d); (b,c,d); (a,b,cd);
(a,c,bd); (a,d,be); (b,c, ad); (b,d,ac); (c,d, ab);
(a,bd, cd); (b,ad,cd); (¢, ad, bd); (d, ac, bc); (ad,bd, cd).
For the generators of ), we may take
a=C_C,, b=0C 0, c=DB,, d=B,,
understanding in this section that S and SC,C,C,C, are identical operators.
The analytic substitution (£ £,£,) transforms the group (a, b, c) into
(G, C,, CC,y B,)=(ab, a,d)=(a,b,d).
Likewise, (£ &,&,) transforms (e, b, ¢) into
(C,C,, C,C,B,)=(b,ab,cd)=a,b,cd).
As shown in § 11, G, contains a substitution = which transforms
c¢a, c¢, B, B,CC, into B,C,C,, B,C,C,, C,C,, B,CC,,

respectively. Hence = transforms a into abed, b into ad, c into @, d into ab.
It follows that = transforms (a, b, d) into (abed, ad, ab), identical with
(ad, bd, cd), and transforms the latter into (cd, bd, b) = (b, ¢, d). Again,
S transforms (a, b, ¢) into (a, d, bc), and the latter into (c, d, ab). Also,
= transforms (a, b, cd) into (b, ¢, ad), and the latter into («a, ¢, d).
Hence the following 9 groups are conjugate within G:

(a,b,¢),(a,b,d), (a,b,cd), (ad, bd, cd), (b, c, d),
(e, d, be), (c,d,ad), (b, c, ad), (a,c, d).
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It is next shown that the remaining 6 subgroups are conjugate. Now C,C;,
which transforms B, into B,C, C,, transforms

(a,c, bd) into (a, cb, bda) = (a, bd, cd).
But = transforms (a, bd, cd) into (b, d, ac), and the latter into (¢, ad, bd).
Again, C,C, transforms (¢, ad, bd) and (b, d, ac) into respectively
(B,C,C,, B, B,C,C,)=(d, ac, bc),
(C,Cs, B,C,C,, B,CC,)= (b, ad, cd).
To the representatives (a, b, ¢) and (a, ¢, bd) of the two sets of conjugate
subgroups of G, we adjoin C,C,C,C, and obtain respectively
(¢c, C¢a, B, CCC,C,)
= {B,, B,C,C,, B,C,C,C,C, (i,j=1,2,8,4; t=1,3)},
(¢, B, CC,B,, CC,C,C)=F,,
the former being J/3; and the latter defined as follows :
29) F,— {Bw B,C.C,, BC,C, B,CCCCOC,, . }
B.CC,, B,C,C,, B,CC,, BC,C, (¢t=1,8;i=2,4)

TuEOREM. Within O, the 16 subgroups of order 16 of G, are conjugate
with the groups J3; and F, the latter being not conjugate (§ 13).

11. TreorEM. The group O, contains one and but one substitution of
period 3 which transforms B,C,C, into itself and transforms C,C,, C,C,,
B, into B,C,C,, B,C,C,, C,C,, respectively.

If § is commutative with (B,C,C,)*= C,C,C,C,, it replaces £ by ==
(§25). Denoting the matrix of S by (a,), we find that B,C,C,8 = SB,C,C,
leads to the conditions :

Oy = — Qygy Ugp =Ry Ugg =0y Ugy = — Gppy Ry = U3y Xy = — Gy,
g = — Oypy Gy == Gy
Hence 8 is commutative with B,C, C, if and only if it has the form
07

12 als a14
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The conditions for C,C, 8" = 8'B,C,C, are

Gy ==y Ay = Qg Aoz = %y Ay = Qgye

The conditions for C,C,8" = §'B,C,C, and B,8" = 8§ C,C, then reduce to

1 Ay = — &y, Ogg = Ty -

The resulting substitution is orthogonal if and only if 4a? = 1. Its determi-
nantis +=16a!,. Hence must &= 1 equal + 1. With these conditions satisfied,
S8 = 8"if and only if @, = — 1. Then S’ becomes

1 1 1 1

-3 —% —3 —3 0
1 1 1 1

} -5 4 -3 0

= $ - -5 3 0
1 1 1 1

i+ & -3 —3 0

0 0o o 0 1]

It has been shown that = belongs to the group of all orthogonal substitutions
of determinant unity. It remains to show that = belongs to O,. For p"=3,
3= W?(EEE,) and hence is in O,. For p*=5,

2= 0304(E2E453)R2340305R124R3120205(§1‘§4€2)’
and hence belongs to O,. For p” =11, we find that
2= 0?;5-30;;2_3(5153&)0?;;30?15-3(E1§3§4)0304(Ogi§0%i)2(5254‘53)0204a

and hence belongs to G, .

We next treat the general case in which — 1 is the square of a mark ¢ of the
GF [ p], proceeding as in Linear Groups, pp. 179-180. Making the trans-
formation of variables there defined, we find that = becomes

¥, ¥y ¥, Yy Y, Y
Yi=| 1/4 (144 —i/4 —ij4  (1—i)/4  3/4
Vi =|(—1+i)/4 (=1—i)/2 (1—i)/4 (1—i)/4 0 (1—i)/4
Vi=| —i/4 (=1-i)/4 1/4 —8/4 (1—i)/4 ij4
Vi=| —i/t (—1—i)/4 —38/4 1/4 (1—i)/4  ij4
YVu=|(=1-9)/4 0 (=1-i)/4 (—1-i)[4 (=1+i)/2 (1+i)/4
Y,=| 8/4 (=1—i)/4 i/4 4 (=1+i)/4  1/4
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This substitution is found to be the second compound of
(U-BiOob Bah (1)
(—1—9)/4 (A+)/4  (1+)/4  (3—i)/4
B+i)/d  (—14+i)4 (A—i)4 (1—i)/4
(L+0)/4  (B=i)f4 (=1—i)4 (L+i)/4 |

which is a special abelian substitution. Hence = belongs to Gy.

Determination of all the self-conjugate subgroups of J3,.
12. Its substitutions fall into the following 10 distinct sets of conjugates:
{I}3: {0.C,CG03; {CG}s (GO} {CG, GO {00, GGl
{B,B,C C,CC};{B,C,C,B,C,C}:{B,CC,B,C,C,};{B,CC,B,CC,}.

The only substitutions of period 4 are B,C, C,, B,C,C,, B,C,C,, B,C,C,.
The self-conjugate subgroups of /3, are

(30) I’ Gz*) G;, G;, Gia Gﬁ (S: By, B;C, Cyy B3 C, (s, 330104)

together with all their combinations. Now G, lies in all these groups of order
> 2. As shown in §§ 7-8, the groups G&,, G;, G, G%, G} combine to give
only the additional groups G2 and G,. Either G, or G, combines with A% for
8= B,or B,C,C, to give GF. Either @, or G combines with A for
8= B,C C,or B,C C, to give H:. Combining K% and A7 for the follow-
ing pairs

(8, 8= (8, B,C,C,), (B,C,C,, B,C,C), (B, B,CC,),

(B,, B,C.C), (B,C,C,, B,CC), (B,CC,, B,CC,),
we get the respective groups G5, H3, J,, J,, J; , J, , where
@y J,=1{1, ¢, ., c.qge.o, B, BCdc, BC,C, B,CC,CC,},
32 J,=1{1, CC, cqC, o, B, BC.CC, B,CC,, BCCC,C,},
®8)J,=1{1, ¢, C.C, Ccco., B.Cc., BCC, B,C,C, BC,C,j,
64)Jy= {1, C.C, Cc., ¢.qgce., BCd, B,CC, B,C,C,, B,C,C},

each of the groups J being non-commutative. Finally G2 combines with the
four K%, in order, to give J;, J;, J , J; ; while G'{ combines with them to
give Jy, J i, J s J .

THEOREM. The self-conjugate subgroups of J3; are the groups (30)—(34),
together with G, Gy, G5, H}, J3,.
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CoroLLARY. The only subgroups of order 8 of J3, are Gy, G}, H},

Jyy Sy Iy Jy s of which the first three only are commutative groups.

Determination of all the self-conjugate subgroups of F,.
13. Its substitutions fall into the 10 distinct sets of conjugates
{I}; {C,C,C,C}; {B,CC; {B,C,C}; {CC,, C,C}; {B,C,C,, B,CC,};
{B,B,C C,C,C};{B,CC,B,CC,};{B,CC,BC,C};{BCC,B,CC.

Since B,C,C, is of period 4,it follows that 7, and /3 are not isomorphic.
The self-conjugate subgroups of ', are the groups

(35) 1, G,, C=(B,C.C), G K (8= B,C,(;, By, B;C,C,, B,C,Cy, B,C,C,),

together with all their combinations. Now @, lies in all those of order 4.
Combining C, with the last six groups (35) in turn, we get the commutative
groups H;, H;, F,, F, F,, I, where

(36)F:s= {I’ 01020304' Ba’ 3301020304’ B0’0103"B60204(i= 2, 4)}’
(37) F:;:{I’ 01 020304’ BZCIC:i’ Bzozov Baoloz’Bscaav B40104’B40203}'

Combining every pair of the K%. we get F,, F;, J, and F'; each one, and
F and F' each three times, where

(38) Fg={l’ 01020304’ B3’ B301020304’ Bt'0104’ ‘Bt'0203(i = 2’ 4)} ?
(39) F,8”={I’ 01 0203 04’ Bz 01 04’ B2 0203’ B301 02’ 'B30304’ 'B4 Cl 03’ 'B402 04}’
#0) Fi={1, .G, G0, C,C,C0, B,C,C, B,CC, B, B,C,C,}.

Finally, G} combines with the A%, in order, to give H:, J;,J,, F';, F.
THEOREM.*  The self-conjugate subgroups of F; are the groups (35)—(40),
H:, J,, F; and F.
CoroLLARY. The group F has exactly T subgroups of order 8.  Of them
H}, F,and F are all commutative groups, while J,, F'y, F'y and F';’ are not.

Determination of all the self-conjugate subgroups of H?,.
14. Its substitutions fall into the 10 distinct sets of conjugates:
{I}; {01020304}; { 0103}; {0204}; { 0102’ 0304}; {0104’ 0203} 5
{B,C.C;, B,C.C,} (1=1,2,3,4).

It contains exactly 8 substitutions of period 4 :

* Another proof may be based on the quotient-group, Fyz/G,, which is a commutative group
all of whose operators aside from identity are of period 2.
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B,CC;,, B,C.C,, B,C,C,, B,C,C, (whose squares are C,C,),
and

B, C,C;, B,C,C,, B,C,C,, B,C,C, (whose squares are C,C,).

Hence H?, is not isomorphic with J/%,. Having its self-conjugate substitutions all
of period 1 or 2, it is not isomorphic with #7.

The groups 7, G,, G,, G}, G, G}, K,, K, together with their combina-
tions, give all the self-conjugate subgroups of /73,. Proceeding as.in § 8, we
find that the only additional groups are G, Gy, H?..

TaeOREM.  The only self-conjugate subgroups of H?,, aside from itself and
identity, are G,, G, G, G%, G}, G}, K, K;, G,.

CoroLLARY. The only subgroups of order 8 of HS, are Ky, K and G.

The fifteen subgroups of order 8 of G,.

15. Since all the substitutions, except identity, of the commutative group G,
are of period 2, it contains exactly 16 subgroups of order 8 (see § 10). Since
there are but 5 products each of 4 of the C,, any subgroup of order 8 contains
at least two C,C,. Transforming by a suitable even substitution on £, - - -, £;»
we may take €| C, as the first generator. Suppose first that there is present
at least one further C,C; or one C,C,. Transforming C,C; by a suitable
power of (&,£.£), we obtain as first and second generators C,C; and C,C,-
The only resulting groups are G of § T and

]’[.-3= {I’ 0103' 0102* 0203’ 0105’ 0305’ 0205’ 01020305}’
]Vs = {1’ 0103’ 01 02’ 0203* 0405’ 01030405’ 01020405’ 02030405} .

Suppose, however, that there is present no C,C, and no C,C; other than C, C;.
Then there must occur one of the following three: C,C,, C,C,, C,C,. But
(§,6,8,) transforms C,C, into C,C, while (&£ £,) transforms C,C; into
C,C,. Hence we may take C, C, and C,C, as the first and second gener-
ators. The group does not contain C,C,C,C, or C,C,C,C;, not having C,C,
or C,C; by assumption. Hence the group can contain only the 8 substitu-
tions forming G of § 8.

Now (£,€,¢,) transforms Gy iuto M. Also (£ E,€,£,€,) transforms G into
N,. Finally, G,, which contains a single product of four C,, is not conjugate
under linear transformation with G, which contains three products of four C,,
since a product of two C, and a product of four C; have different characteristic
determinants.

TaeoreM. Within O, every subgroup of order 8 of G, is conjugate with
G, or else with Gy, while the latter are not conjugate.
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All the self-conjugate subgroups of G ;.

16. Its substitutions fall into the 10 distinct sets of conjugates:

{1}; {CCC,C ;5 {CC}; {0} {CC, 0305}3 {01007 0300};
{B3’ B301 03}; {B30204’ B301 020304}; {Bsol 05’B30305};{B301 00’ B30300}'
The only substitutions of period 4 are the four in the last two sets. Hence
G, is not isomorphic with HY;; also, evidently not with Z,;. Since B,C C|
has the characteristic determinant (1 — p)(1+ p)*(1 + p*), while the four
substitutions B, C, C,, ete., of period 4 in J3 have the characteristic determinant
(1 —p)(1+ p*)?, the groups G, and J; are not conjugate under linear trans-

formation.

The self-conjugate subgroups of G, are all given by
) L G, G, @ K, K/, C:=(B,0,C,), C! = (B,0,C)),
{ -K:= {I’ 0103’ Ba’ Bsolos}’

K™= {1, 0103’ B30204’ B301020304} ’

together with their combinations. Now G, = {I, C,C,} is a subgroup of all of
order 4. By §8, any two of G,, G, G; generate (3, while G, with either
K, or K" gives G;. Also G with either K, or K" gives ;. Either G, or
G, with either C? or C) gives K,. Either @, or G} with either A or K"
gives 5. Next, A, with either O} or K gives

(43) Ls= {I’ 0105’ 0305’ 0103’ Bs’ Bsolos’ 330305’ Bsolos} .
Also, K, with either C) or K" gives
(44) Ltla = {1: 0105’ 0305’ 0103’ 330100’ B3C'3C’0, 330500, B30204} .
Now K" with either C) or K gives
45) T,={I.CC,, CC, CC,, B,, B,C.Cy, B,C,C,, B,C,C,}.
Again, K" with either C} or K" gives
(46) Ts’ = {I’ 0103’ 0100’ 0300’ B30105’ B30306’ B30500, B30204} .
Finally, we have the relations

(¢, =6y, (C)K)=L, (C} K )=Ty,

(C), K )=1T,, (C}, K )=L,, (K ,K )=G;.

(42)

THEOREM.  The self-conjugate subgroups of G, are the groups (41)—(46)
and G, Gy, K, G}, G,.

CoroLLARY. The subgroups of order 8 of G are Ly, L, T;, T,, G;,
K, and G.
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All the self-conjugate subgroups of H .
17. Its substitutions fall into the following 10 distinct sets of conjugates:

{I}; {01020304}; {0103}; {0204}; {0105’ 0305}; {0100’ 0300};
{B30102’ B30203}; {B30104’ B30304}; {B3C._,O5, 330400};
{B30405’ 330200}.

Only the last 8 are of period 4, so that /7, is not isomorphic with G, @,
or J3,. It is not conjugate with #' in view of the periods of their self-conju-
gate substitutions. Finally, A, and /3, are not conjugate * within O, since
they are self.conjugate only under J3, and G, respectively (§§ 81, 46).
TrEOREM. The only self-conjugate subgroups of H,; are I, G,, G, G,
K,, K], H:, K, and the groups G5, G, H],, resulting from their combination.
CorOLLARY. The only subgroups of order 8 of H,, are H}, K, G.

The non-conjugate subgroups of orders 8, 16, 32 of G.,.

18. There are 3 distinct sets of conjugate subgroups of order 32 in O,
representatives of which are J3,, H3,, G,, (end of § 7); 6 distinct sets of order
16, represented by G, G\, H,,, J3,, H3,, F,, (§§ 8-1T7). These 6 have
only the following subgroups of order 8: G, G, Gy, G3, H:, H}, J,, J,,
I Jy, P, Fy, F,, F, F;, K,, K;, L,, L, T,, T}, together with sub-
groups of G, conjugate with G, or G, (§§ 12-17).

Now B, = (£,£,) (&,¢,) transforms G into G5, and transforms K into K;;
C,C; transforms J into J, and J; into J ; (,€,§,) transforms J, into 75 ;
2 transforms J; into F';, ¥, into HZ, H? into F';, and F', into .J,. Finally,
C,C, transforms L, into L, and 7 into 7’;. Hence the above 21 groups are
conjugate within O, with the following:

(47) G, G\ @y Ly, T, H, K,, FY.
The numbers of substitutions of period 4 in these groups are respectively
0,0,0,2,2,2,4,4,6.

In the first place, no two of the groups J/;, L,, T}, having exactly 2 substi-
tutions of period 4, are conjugate under O,. Indeed, the two B,C,C, and
B,C,C, of J, have the characteristic determinant (1 — p)(1 + p*)* while the
two B,C,C, and B,C;C; of L, and the two B,C,C, and B,C,C, of T all have

* Another proof follows from Lemma I, § 22, taking ¢=25, since S transforms C,C,C;C, into a
substitntion of Gy, only if it replaces some £, by =£,. Then r=25, since S must transform
C,C; and C,C, amongst themselves. Hence S replaces £, by &= £; and cannot transform C,C, or
C,C, into a substitution involving &;.
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the characteristic determinant (1 — p)(1 + p)*(1 + p*). Moreover, the five of
period 2 in L, all have the characteristic determinant (1 + p)?(1 — p)’, while
C.C,= C,C,CC,of Tyhas (14 p)*(1—p).

In the second place, the groups H? and K, are not conjugate, since the four
of period 4 in H? have the characteristic determinant (1 — p)(1 4 p*)? while
the four of period 4 in K& have (1 — p)(1 4 p)*(1 + p*).

Finally, no two of the groups G, G, G'; are conjugate within O,. Indeed
all the substitutions except I and C,C,C,C,, of both G, and G} have the de-
terminant (1 4 p)?(1 — p)3, while C,C,C,C,, C,C, and C,C, of G have the
determinant (1 + p)*(1 — p), only four of G having (1 +p)*(1 —p)> To
show that G, and G2 aré not conjugate under O, we note that (§ 84) G, is
self-conjugate only under G, and (§ 32) G only under H ,, while G, con-
tains a single subgroup G, of order 64, and # , three subgroups of order 64.

THEOREM. Within O, every subgroup of order 8 is conjugate with one and
but one of the nine groups (47).

The subgroups of order 4.

19. The commutative group G, of substitutions of period 2, aside from
identity, has exactly 7 subgroups of order 4. Any such subgroup contains at
least two C;C;. Transforming by a suitable even substitution on &, §,, &, £,,
we may take C C, as the first generator. It containsa second C,C;of the form
C,C,, C,C,, or C,C,, so that the groups are G or

G4= {I’ 0102’ 0203’ 0103}; GI= {I’ 0102’ 0204’ 0104}'

Now B, transforms @, into G, and (£ £ €,) transforms G into K,. But
G? and K, are not conjugate in view of the characteristic determinants of their
substitutions.

Each of the 7 subgroups of order 4 of ; contains at least one C,C,. Now
(&,€,8,) transforms C,C; into C,C,, while (£,£,) transforms C,C; into
C,C,, each transforming G, into itself. As first generator we may therefore
take C,C, or C,C,. The resulting groups are G, K, K, and

G;= {I’ 0103’ 0205’ 01020305}’ G;.= {I’ 0103* 0405’ 01030405}'

the latter being transformed into the former by B,. But (£ ££,) transforms
@, into G, while B, transforms A, into K .

The commutative group G3 of substitutions of periods 1 and 2 has exactly 7
subgroups of order 4. Now C,C,, C,C;, C,C,, Z(EEE,), 2(§,EE,)B,
transform G} into itself and, in particular, transform B, into B,C,C,, B,C,C,,
B,C C,C,C,, C,C,, C,C,, respectively. Hence we may take C,C, as the
first generator of a subgroup of order 4. The group is therefore G? or else it
contains one of the substitutions B,, B,C,C,, B,C,C,, B,C,C,C,C,. Now

Trans. Am. Math. Soc. 2
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1, C.C,, C,C,, C,C,transform the preceding four amongst themselves transi-
tively. Hence the resulting groups are conjugate with KA, of § 16. Its sub-
stitutions, other than identity, have the characteristic determinant (1—p)*(1+ p)?,
so that it is not conjugate with either G2 or K. But K" is not conjugate with
K, by §§ 388, 42.

The group oJ; contains a single cyclic group (.B,C,C,) of order 4. It remains
to determine the groups containing only operators of periods 1 and 2. Since
B, transforms C,C, into C,C,, we may take C,C, or B, as the first generator.
The resulting groups are G and K5 of § 10. The latter is transformed into
G? by =,

The group H?3 contains only two cyclic groups of order 4: C%=(B,C,C,)
and (B,C,C,), the latter being transformed into the former by C,C;. The
only further subgroup of order 4 is G3.

The group F'; has three cyclic groups of order 4: (B,C,C,), (B,C,C,),
and (B,C,C,). Now (£E&E,) transforms B,C C, into B,C,C,; (§£E,)
transforms B,C, C, into B,C,C,.

The commutative group A, contains the cyclic subgroups

Ci=(B,CC), Ci=(B,CG),
and a single further subgroup G2 of order 4. But C,C; transforms (' into
C:. Now C7?, whose substitutions of period 4 have the characteristic determi-
nant (1 — p)(1 + p)*(1 + p?), is not conjugate with C'}, for which the corre-
sponding quantity is (1 — p)(1 + p*).

The group L, contains a single cyclic group C} and but two further groups
of order 4: K} and K,. Now B, transforms A into X .

Finally, 7, contains CY, K, K, but no further groups of order 4.

THEOREM. Within O, every subgroup of order 4 is conjugate with one
and but one of the six groups G2, K,, K|, K,

(48) Oi=(B30104>’ Ci=(B30105)'

The subgroups of order 2.

20. There are exactly two distinct sets of conjugate operators of period 2
within the simple quaternary abelian group (Linear Groups, p. 105). The
same consequently holds for O,. As representatives belonging to G, we may
take C,C,C,C, and C,C,, which generate the groups , and G, respectively.

THEOREM. Within O, every subgroup of order 2 is conjugate with @,
or G,.

’ Summary of the subgroups of order a power of 2.

21. Representatives of each distinct set of conjugate subgroups of order a
power of 2 within the group O, together with all their incidences, are exhibited
in the following scheme:




1904] OF 2 OF THE QUINARY ORTHOGONAL GROUP 19

Yz o X K\]{/°
\/ y

Gy

LARGEST SUBGROUPS IN WHICH THE GROUPS OF ORDER A POWER OF 2
ARE SELF-CONJUGATE, §§22-47.

22. Lemma L. If, for p~ =81+ 3, a substitution of O, transforms ¢C,
into a substitution belonging to Gy, zt replaces one Qf the variables by =+ E

Let S have the matrix (). Then C;C, replaces j}:“i a & by

5
- T abt ah= - Sk + 2
Jxt

Since the matrix of S~ is (a;), it follows that
5
S-C,C,8: Ei=—&420,) ok (i=1,--,5).
=1

Since 2 is a not-square, no one of the diagonal terms — 1 4 2a?, of the latter ic
zero. But a substitution of G, has a single non-vanishing coefficient in each
row (or column). Hence must
%, =0 (irG=1, -, 5;5+1).

Hence the product of any two of the five coefficients in the ¢th column of the
matrix of § is zero, so that four are zero. It a,is the non-vanishing one, all
the remaining coefficients in the 7th row are zero in view of the orthogonal
conditions. Hence S replaces £ by a £, where o, = 1.

CoroLLARY 1. If 8 transforms each C,C(t=1,2,3,4,5) into a sub-
stitution of Gy, then S itself belongs to Gy

CoroLLarY II.  If 8 transforms C,C, into itself, it replaces &, by == §,:

Indeed, — 1 + 2a%, = — 1 gives a, =0 (¢=1,--., 55 ¢ 4 ¢), whence,
by the orthogonal conditions, a, = 0(j = ¢).
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CoroLLARY III. If 8 transforms into itself a subgroup of G, which
contains a single C,C,, then 8 replaces &, by =+ §,.

Indeed, S transforms C,C, into a substitution in whose matrix each diagonal
term is &= 0. Since the latter must belong to G, it is a product of the C,.
But C,C; is not conjugate with C,C,, since they have distinct characteristic
determinants. Hence C,C, is transformed into itself.

238. Lemma 1L If a quinary orthogonal substitution S in any GF[p"],
for which p* =81+ 38 or 8] —1, transforms each C.C,(k,t=1,2,3,4)
into a substitution replacing £, by =+ E,, then S replaces & by one of the vari-
ables or its negative.

Taking (a;) as the matrix of S, we get for §" = S~'C,C, S:

5 5
:=E.’_2aik ajkEj_2aitZajt§j (i=1,--+5).
J=1 Jj=1
The conditions that .S’ shall replace £ by + &, are

1—2a, —2a,==+1, aga, +a,a,=0 (j=1,2,3,4).

According as the upper or lower sign holds, we have
al, +al,=0 or al, +al,=1.
In the first case, we have the five equations
a5kajk+a5tajt=0 (j=1,---,5).

But not all the determinants of the second order of the matrix formed of the
kth and tth columns of S are zero. Hence a, = a,=0. If, in the second
case, a;, =0, then ¢, 4 0,0, =0 (j=1, 2,3, 4), and § = o, £, in view of
the orthogonal conditions.

Now, if every sum of two of the terms ol , aZ,, al,, a2, equals 1, each term
equals 1, whence p"=8/+1. Then 2 4 o}, =1, so that p"=8/4 1, con-
trary to assumption. Let next one such sum equal 0; for definiteness,
al,+ al,=0. Then a,=0a,=0. Since o} +al,=0o0r 1,a2 =0o0r 1.
Likewise, aZ,= 0 or 1. But o} + al,=0o0r 1. Hence at least one of the
terms a? , o, vanishes. If both vanish, §, = a, . If a, = 0, then o, =0,
and & = a,&,, as shown above.

COROLLARY. If each transform leaves &, unaltered, S replaces & by + E,.

24. Since the C,C,(t=1, ---, §) generate (7, it follows from Corollary 1
to Lemma I that a subgroup of G, containing G is self-conjugate within O,
only under a subgroup of G,,. Now the only even substitutions on £, ---, &
which transform B, (£ > 1) into itself are B, = I, B,, B,, B,; while the only
ones which transform B,, B,, B, amongst themselves are those of the alternat-
ing group on £, &,, &,, &,.
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TrEOREM. Within O, G, is self-conjugate only under Gy, J%, is self-
conjugate only under G,, while G, is self-conjugate only under

.,°=O’1,2’!3,4’5. . .
(49) G192={1*7,,E,C,.q( J \ ;> )}

E, ranging over even substitutions on €, ---, ,

25. A substitution S which is commutative with C,C,C,C, replaces £ by
=+ £, (Corollary II to Lemma I). By Lineur Groups, p. 160, the number of
quaternary orthogonal substitutions of determinant + 1 is

(P =p)(p™—1)p".

Exactly one half of these belong to Oy ; for, S(£ &,)C, is a quaternary orthog-
onal substitution of determinant + 1 if S is, while one and but one of the two
belongs to O,. Hence the preceding number is the order of the subgroup of
O, commutative with C,C,C,C,. Another proof follows from the fact that
C,C,C,C, corresponds (Linear Groups, pp. 179-182) to the abelian substitu-
tion 77 _,. The latter is commutative with exactly [ p"(p™ —1)]*? abelian
operators.*

TrEOREM. Within Oy, G, is self-conjugate only under G o pon_sy-

The last group can be given a very simple form when p” = 3. Then

al +al,+al,+al,=1 (mod3) (i=1,2,3,4)

requires that one or four of the coefficients in each row of the matrix for S
shall 4= 0. In the former case, S belongs to &,,. In the latter case, C' W *!
replaces & by 3°4=ta, &, C being a suitably chosen product of an even number of
the C;(i <<5). Hence §= C W='T", where I leaves £, unaltered and replaces
£ by =&, and therefore belongs to G,. But W transforms C,C; into
B.C,C,C,C,. C, into WC,, and C; into WB,C,C,C,C,C, for i =2,3, 4.
Hence §= W='T"|, where I', belongs to G,,. Hence, for p" =38, the substi-
tutions commutative with C,C,C,C, form the group

(50) Gye= {T, WL, W?T (T ranging over G,)}.

26. A substitution is commutative with B,C, C, if and only if it has the form
S’ of §11. The orthogonal conditions on §" reduce to the four:

2 2 2 2 __ _

(51) oy + o, +ay+ o= 1, Oy gy Oy gy + A3 Ay + Ay Ay = 0,
2 2 2 2 __ - —_

%y Ay + A = 1, — g Oy F 0 gy + Ay Ry — Ay Oy = 0.

* Transactions, vol. 2 (1901), bottom of p. 109. The number is the same for the quotient-
group of order  since Pi: transforms 74, 1 into T3, 1 =T, 1 - Th,—1 Tp, 1.
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If a2, + o}, & 0, the equations (51) in the second column give

(52) Ay == 10y, + Say,, Oy = $Q,, — 70y,
where
2 2
(53) r= a13a14 all alZ s = - all al4 al2al3 7'2 + 3 12 + a .
- 2 9 - 2 9 =
all + al all + a all + a13

It follows that
(a22+a24)(all+a +a13+al4)

a“-l-a

The conditions (51) therefore reduce to (62) together with

@l + Gy = (r* + 8*) (0, + 93,), Zaz,

2 2 2 2 __ 2 2 __ 2 2
(54) oy o, o+ o= 1, Ay + Ay =ay; + 5.

By Linear Groups, p. 46, the equation af + a}, =« has p"—v or
p" + p"v — v sets of solutions in the GF[p*], where » =+ 1 according as
p*=4l+1. Hence there are p™ — (2p" + wp" — 2v) sets «, , a,, for which
a?, + a, is neither 0 nor 1. Each such set furnishes p" — v sets a,,, a,, satis-
fying o?, + @, =1 —(a? + a?,). Next, each of the p” — v sets of solutions
of a?, + o, = 1 furnishes p" + p"v — v sets a,, a,,. Hence there are

(p"—v)[(P™"—2p" —vp" + 20) +(p" + p"v —v)]=(p" —v) (P —p" +»)

sets a,,, - - -, a,, satisfying the first condition * (54) and o}, + af, 0.
If a2, + af, =0, then o, + al, = 1. The last equations (51) now give

(62") 0y, = ac, + Bay, a,, = Ba, — aa,,
where

= —a; &, + A%, B=—a,o,—a,a,
(53")

@'+ B = (ay, + afy) (o, + of,) =
Hence o?, + a2, = 0. The condition (51) therefore reduce to (52") and
(54) a, +afy =0, a, +a, =1, ay +ag=1.

and hence have (p" — »)*(p" + p"v — v) sets of solutions a,.
The total number of sets of solutions of (51) is thus (p*.— v)*( p™ + p"v).
The determinant of S’ is seen to equal

= {(of, + ol + oy + ol ) (o5 + @, + o + 3,)

2
_(au 21+a12a22+a13a23+a14a24) _(_aIS 21+a14 22+a11a23—a12a24)}

and hence by (51) equals &= 1. The sign += must therefore be taken 4.

* Since this has p** — p" sets of solutions ( Linear Groups, p. 47), we obtain a second proof.
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For p" =8, only half of the resulting 96 orthogonal substitutions S’ of de-
terminant + 1 belong to O,. These are seen to be

(85) B,, B,C,C,, B,C,C,, B,C C,C,C,, B,C C,, B,CC;, BC,C, BCC,
(t=1,4;7=2,3)

together with their products on the left by W (£,£,£,) and its inverse W?(£,E,£)).
For p* = 5, it will be shown that exactly half of the resulting 480 orthogonal
substitutions S’ of determinant + 1 belong to O,. Assuming first that 8 of the
a,; are zero, we obtain the 16 substitutions (56) and 16 others not in O,. As-
sume next that exactly one of the «,, is zero. Then two of the af, are +1

and one is — 1, so that there are 12 types. For example,* take a?, = a?, =+ 1,
al,=—1,0,=0. By (54'),a} + al,=1. Hence either a, =0, whence

’
Uy = — A, A0, Oy = ay aay, by (627), or else a,, = 0, whence
Agg = — %y %13 %9 Ay = — A X3y +

In the respective cases, S” becomes

an Ay a3 0 0
0 Ay Og Gz Apy Oy X3Py 0
2 2
r__ ap=ap=+1
Sl_ — %y 0 a, — 0 (2_2_ 1
Naps =Gy = —
Op Gz Ggy — Gy Gz Py 0 a, O
0 0 0 0 1)
1
A ay O3 0 0
— % Xy oy Aoy 0 Ay T3 %oy 0
2 2 2
‘o o =g =oap=-+1
S, = — %3 0 an —a, 0 (z_ 1 .
o3 =
0 T T N Y O
0 0 0 0 1

To show that none of the 16 substitutions S belong to O, denote S| by
S; when o, =a,=+1, a,=+ 2. According as a,=+ 2 or — 2, we
have for S}

R12303R234(52§4)0203’ or R12303R234(E2§4)0304’

neither of which belongs to O. Giving to (a,,, a,,, ;) in turn the values
(1,1, —-2),(-1,-1,2),(-1,-1,-2),(1,-1,2),(1, —1,-2),

* Note that one of the four &/, B,S’, B;C,C,8’, B,(, C; & has a;,—=0, while each is commuta-
tive with B,C,C,. Also, (£,,5;)S has of, =—1, of,=a};=+ 1, and belongs to Oq if and
only if 8/ does.
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-1,1,2), (=1, 1, —2), we find for §;: C,C,8;C,C,, C,C,S;C,C,,
s; e, ¢S, 0.0, co.se.0, eo8;c.e, C0o,S;.

To show that all the 16 substitutions .S, belong to O, denote S, by S’ when
a,=a,=+1,a,=+ 2. According as a,,= + 2 or — 2, we have for S
R1230205R23402 05’ or R1230304R23401 04'

Giving to (a,,, @,, @,) in turn the values (1,1, —2),(—1, —1, 2),
-1,—-1,-2),(1,-1,2),(1, -1, —-2),(—-1,1,2),(-1,1, - 2),
we find for S;: C,C,8;C,C, CCS;CC, 8;C¢C, COCS,CQU,
ccs,coco, cosece, cdos;.

Assume lastly that none of the o, are zero. Then every of = —1. By
(54), ai, + aj, = —2, so that o}, + af, = —2 (mod. 5). Hence every
a;,=—1. By (53),

r= 2(“13“14 —0,0,), 8= 3((1"(1“ + alzals)’ rs=0.

Let first s = 0, so that o, = o, a,a,, r = a,a By (62) we find for S”:

1112

a, ) A3 Ay Fyp %3 0
Ay Ay Fop A — Oy Fp ¥y N 0
S:; = — % Ay Xy X3 an — % 0
— Oy %y %y — %y — Oy %y Py Ay 0
0 0 0 0 1

Denote S; by S; when a, =a,=a,=+ 2. For a,=a, = + 2, we have
for .Sy
S.":* = 02 04(5254 53) R234 02 04 Rl24(§l 53 E2) R]zS(El §4 EZ) 03 04.

Foray=a,,=—2, 8;,=8,C,C,. Fora,=2,a,=—2,8] becomes
S:** = 0204(£2E4£3) R2340204R124($l §2E3) Rl23(fl§4£3§2)03.

For a,, = — 2, a,, = + 2, S} becomes §;"C,C,. Hence S belongs to O,
if and only if a, = a,. Next, S; becomes C,C,C’;C,C, when o, =a,=2,

a,= — 2; hence must a,, = a,,. Again, S becomes C,C,S;C,C,C,C, when
a, = a,= —2, a, = + 2, whence must a,, = a,,. Also, S; = §*C,C, when
a, =0y =—2, a,=—2, whence must a, =a,,. Denote S; by [a, 8]
when o =a,=2, a,=—2. Then [a, —B] = C,C,S,;C,C,, whence
must @, = —a,. Fora =a,=—2,a,=+2,8;=[a,B]C,C,, whence

must a, = —a,. For a, =2, a,=a,=—-2, 8;=C,C,[—a, —B],
whence must a,= —a,. Finally, 8= C,C,[—a, —B]C C,, when

. ’
a,=—2, a,=a,=+ 2, whence must a,,=—a,. To summarize, §;
belongs to O, only when a,,= + a,, if ¢, =+ a,,and a,,= — @, if @, = —a,,
or briefly, only when a,, = — 2, a,a,,.
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Let next r = 0, s0 that a, = — o @, 0., s = a,a,. Then, by (562),

Ay = Ay %3 %y Agg = Gy U3 %y

For o =a,=a,=a,=0a,=+2, S becomes* = of §11 and hence
belongs to O,. Hence, in view of the preceding case, the general §’, with
r =0, belongs to O, only when a,, = — a,a,a,,.

We may combine the two preceding cases as follows: An orthogonal substi-

tution S’ with every «,; 4 0 belongs to O, if and only if

(56) Qg == Oy Fyy Fgg Ayy = Oy Py Fgps Apy = — O X3 Aoy

Hence of the 480 orthogonal substitutions of determinant unity which are
commutative with I3,C, C,, exactly 240 belong to Oy for p"=5.

In the general case there are exactly 3 (p" — »)( p™ — 1) p” substitutions of
O, commutative with B,C C,, where v=+1 according as p"=4/+£1.
Indeed, S, = (&,£,)C, S is commutative with B,C,C,if § is, while only one of
the pair S, S, belongs to O, by §§ 3, 4.

Now B, transforms B,C, C, into its inverse B,C,C,.

THEOREM. Within Oy, the group C3%= (B,C,C,) is self-conjugate only
under @ group G pn_,ypm_yypn+

27. We may now readily determine the largest subgroup transforming G,
into itself. The latter has exactly 12 substitutions of period 4: B, C,C,
k,1=2,8,4; k4 1. Theyare all conjugate within G ,,, under which G, is
certainly self-conjugate. Indeed, B, and C,C; transform B,C, C, into B,C,C,
and B,C,C,, respectively; (£,£€,) and (&,EE,) transform B,C,C, into
B,C,C, and B,C,C,, respectively : C,C; transforms B,C, C, into B,C,C,; B,
transforms B,C,C, into B,C,C,, B,C,C, into B,C,C,, and B,C,C, into
B,C,C,; C,C, transforms B,C,C, into B,C C,; B, transforms B,C| C, into
B,C,C,, and B,C C, into B,C,C,.

We next show that exactly 48 operators of O, transform G, and the substi-
tution B,C, C, each into itself. It will then follow that &,, is self-conjugate
only under a group of order 12 x 48.

For p" =3, this result follows from §26 since W2(§,,£,) transforms G,
into itself (§11).

For p» = 5 consider in turn the various types of substitutions of O, which
are commutative with B,C,C,. When 3 of the a,; are zero, there resulted the
16 substitutions (565). Since they belong to \,, they transform @, into itself.
When a single «,; is zero, there resulted 12 types of substitutions, one type
comprising the 16 substitutions S, the substitutions of the remaining types
being of the form I''S;, where I' belongs to G,,. But S, transforms C,C,

into

* Note that Z= C, S¥*C,(£,£,%5).-
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[ -1  2a,a, 2a,a, 0 0
2a,,a,, 1 0 8a,a, 0
2a, @, 0 1 2a,a,, 0 (:2 = a_?,l— al, =1 ) ’
0 8a,a, 2a, a, —1 0
. 0 0 0 0 1]

which does not belong to @, since its non-diagonal terms do not all vanish.
Hence the 12 types are all excluded. Finally, when none of the «, are zero,
there resulted the 32 substitutions § of the form §’ with every af, = a} = —1
and satisfying (66). We verify that § transforms C,C, into

(0 A w 0 O
A0 0 —pu
(67 w0 0 2
0 —u A O
L0 0 0 0 1
Since AM* 4 p* =1, either A=0o0r p=0. If A=0, then ¢, = — a2,

11712 713°
p= —a,a,,and (57) is B,C,C,or B,C,C,. If p=0, then a,=a, a,a,,
A= — a,a,, and (57) is either B, or B,C,C,C,C,. Hence (57) belongs to

G,, in every case.
Next, S transforms C, C, into

(Z:?auun + 2ay, auau“zz) .
#=2ay, 043 + 205054 »

- o O O

(0 0 o p 0)
0 0—p o O
0 =20, 043 — 15014
(58) g = 0 0 0 (P=2a:1°':2_21111“112°‘13“22).
p o 0 0 O
(0 0 0 0 1)

Since p* + 0® = 1, either p=0 oro=0. If p=0, then a,= a,a,a, and

(68) is either B, or B,C,C,C,C,. If ¢ =0, then a, = — a, a,a, and (58)

is either B,C,C, or B,C,C;. Hence (58) belongs to G,, in every case.
Finally, § transforms B, into

a 0 B8 0

0 —a 0-28

0
0
— @'=2oy; a3 + 21304
(59) IB 0 * 0 0 ( B=2ay 0y, — 2‘1112 0‘1; ) )
0—8 0 a 0
1

0 0 0o o0
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Then o* + B2 =1. If a=0, then o, = a,a,a,and (59) is either B,C,C; or
B,C,C,. If B=0, then a,= —a,a,a,and (59) is either C,C, or C,C,.
Hence (59) belongs to G, in every case.

The general case will be established indirectly. Of the substitutions trans-
forming B,C,C, into itself and hence also its inverse B,C,C, into itself, B,
transforms B,C, C, into B,C,C,; Z of § 11 transforms B,C, C, into B,C,C;,
and the latter into B,C,C,; B, transforms B,C,C, into B,C,C,; B,C C,
transforms B,C,C, into B,C,C,. Hence 6 of the 12 substitutions of period 4
in G, are conjugate with B,C, C, by means of substitutions transforming G,
and B,C,C, each into itself. We next show that no substitution of O, trans-
forms B,C, C, into itself and B,C, C, into one of the four: B,C,C,, B,C,C,,
B,C,C,, B,C,C,. Thecondition B,C,C,8" = §'B,C,C,, where S’ is given
in § 11, requires that every a,,= a, = 0, and hence is impossible. ~Likewise,
B,C,C,8" = §8'B,C,C, is impossible. But B, transforms B, C, C, into B,C,C,,
and B,C,C; into B,C,C,. Finally, we show that exactly 8 substitutions of O,
transform B,C,C, and B,C,C, each into itself. It suffices to find the sub-
stitutions which are commutative with both B,C,C, and C,C,. Now
C,C,8' = 8'C,C, requires that a,, a,, a,, a, all vanish. The resulting
special form S” of S’ transforms C,C, into

( afs - afl 0 2au a3 0 0)
0 al, — a3, 0 — 2a,a, 0
(60) 2a,, @, 0 al —al, 0 01l.
0 — 2a,a,, 0 al, —a;, 0
| 0 0 0 0 1

This belongs to (,,, when 2 is a not-square, if and only if ¢ a2, =0, a,a, =0,
since the only conditions on §” are a? + al;=1,0a},+ a2, =1. Fora, =0,
S” belongs to O, if and only if a,,= 0, whence 8" is B,C C,, B,C C,,
B,C,C, or B,C,C,, all belonging to G,,. For a, =0, then a,, =0, whence
S8"is I, C,C,, C,C,, or C,C,C,C,, all belonging to G,,.

THEOREM. Within Oy, the group G, is self-conjugate only under

(61) G = {T, 2T, 2T (T ranging over G ,)}.

28. The group H3, is self-conjugate under G, by § 7. Of the 20 substi-
tutions of period 4 in A3, the four B,C,C,, B,C,C,, B,C,C,, B,C,C, are
conjugate within G, ; likewise the eight B,C,C,, B,C,C/(i=1,2,3,4); like-
wise the eight B,C,C,, B,C,C,, as follows from the table of conjugate substi-
tutions of G, (§6). Now B,C,C, and B,C|C, have the characteristic deter-
minants (1 —p)(1 4 p)*(1 4+ p*) and (1 —p)(1 + p*)?, respectively (end of
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§19). Hence B,C| C, is conjugate with only 4 of the substitutions of period 4
of H3,. We proceed to show that only 16 substitutions of O, transform /7,
and B,C,C, each into itself and that the 16 are the substitutions (55) belong-
ing to G,,. The proof is similar to that in §27. Consider first the case
p"=5. Then (57) belongs to K3, if and only if a,= —a, a,a,; (68)
belongs to /3, if and only if @, = + a; a,a,,. Hence a transformer with each
a,; % 0 is excluded. Those with a single @, equal zero are excluded as in § 27.
For the general case we proceed as at the end of §27. The only substitutions
transforming B,C, C, and B,C, C, each into itself are 8 substitutions belonging
to H3,. Indeed, (60) belongs to 773,, when 2 is a not-square, if and only if
&, 3y = 0, aya, = 0.

THEOREM. Within Oy, the group H}, is self-conjugate only under @,.

29. The group J?, is self-conjugate under G, since it is self-conjugate under
both G, and J3, (§§ 8, 10). Within G, the four substitutions of period 4 of
J?3, are conjugate with B,C,C,. It therefore remains only to determine all the
substitutions S of O, which transform J3; and B,C,C, each into itself. We
proceed as in § 27. For p” = 5, the only substitutions S are the 16 substitu-
tions (55); for, (57) belongs to /3, if and only if a, = — a, a,a,,, while (58)
belongs J3; if and only if a, = + a, a,a,.

In the general case, S’ belongs to G, if it is commutative with C,C, (end
of §27). Within G, the substitutions of period 2 in J3; fall into sets of con-

jugates as follows:
c.c, cca; edao, cc; e, qc; B, BCCG, BC,C, B,CC,CC,.

The conditions for C,C, 8 =8"C,C, are o, =a, =0(j=1, 2, 3, 4).
Likewise, S” cannot transform C,C, into C,C,, nor into B,.

THEOREM. Within Oy, the group J3, is self-conjugate only under G,.

80. Since G, contains C,C,, C,C, and C,C,, a substitution S commutative
with it must replace three variables by = £, =&, = £ (Lemma I, §22).
Since further there exists an even substitution on £, ---, & which replaces’
£, &, £, by those three variables, respectively, we may set §'= Oy /T, where
I' belongs to Gy,. Now O} transforms B, into 7'= (£ £,)7,, where T}
replaces £, by 2 u§, + (A — p?)E,. In order that 7 shall belong to G\, it
is necessary that 7 = (£,£,)C, where C is a product of the C,. Hence
My = 0. The case A =0 is excluded if S belongs to O,. Hence Oy~ =17
or C,C,. Hence § belongs to G,,. But the only even substitutions on
&, -, & which transform B, into itself are 7, B,, B,, B,. But neither B,
nor B, transforms C,C,, C,C,, C,C, amongst themselves.

THEOREM. Within O, the group G, is self-conjugate only under J3,.

31. By a proof entirely analogous to the preceding, we obtain the

THEOREM. Within O, the group H | is self-conjugate only under J3,.
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82. A substitution S which transforms G into itself must replace £ by
=+ & (Corollary III of §22). If § transforms C,C; of G} into itself, then
8= 0,,0,,C, where C is a product of C;. Now O} 404 ¢ transforms B,
into a substitution B’ which replaces £ and £, by

20d + (M — )65 2p08, + (" — o) &,

respectively. Since A’ 4+ u* =1 and 2 is a not-square, then A* — u? 4= 0.
Hence A =0, poc = 0 if B’ belongs to G, so that S belongs to (G,, B,).
Now G is evidently self-conjugate under &,,. Within the latter, C,C, and
C,C, are conjugate, as also B,, B,C,C,, B,C,C,, B,B,C,C,C,. Hence if O,
contains a substitution which transforms C,C, into B, and G into itself, G?
will be self-conjugate under exactly 6 x 32 substitutions of O,. Now an
orthogonal substitution of period 2 replaces & by == £ and transforms C, C,
into B, if and only if it has the form

.
a, Ay — &y — &y 0
a a a a 0
12 22 12 22 42, =1
2 __
—a, a, a, —a, 0 4ad,=1|.
0 4ol =1
— Oy gy — Xy Ay
0 0 0 0 =1

It therefore transforms B, into C,C, and B,C,C, and B,C,C, into themselves,
and hence G into itself. We choose the sign 4= to make the determinant
equal + 1. If S is one such substitution, then S, = S(§§,)C; is another,
since (£ &) C, transforms each substitution of G2 into itself. But* either S
or S, belongs to O, (§ 4).

TrEOREM. Within O, the group G2 is self-conjugate only under H .

383. Since @, contains C,C,, C,C, and C,C,, a substitution commutative
with G has (as in § 30) the form O}#T', T in G,,. The first factor is evi-
dently commutative with every substitution of G;. It belongs to O, if and
only if it is a ), , (of § 8), the number of which is 1 (p"—v). But the only
even substitutions on £, ..., £ which transforms C,C,, C,C, and C,C,
amongst themselves are

62) I, (&&)(&4), (8&)(&E), (8&)(LE), (8LE), (&§E).

TreorREM. Within Oy, the group @G is self-conjugate only under

(63) H%(p"-—v) = [ Q'l\::;" Gies (62)]'
For p" =8 or 5, theonly @} ¢ are [ and C,C,. Hence H,, =[G, (62)].
*For p* = 5, the values a;; = o, = oy = 2, = 1 = — 1, make the transformer equal to

0y C3CyCs ($36485) Rugy Oy Oy Rugy (£16465) B
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34. The group G is evidently self-conjugate under G, of §24. Within
the latter C|C, is conjugate with C,C,, C,C,, C,C,, C,C, and C,C,. It
thus remains to determine the substitutions S which are commutative with both
C,C,and Gy. Asin §32, §= 0, ,0,,C. But Op¢ transforms C,C, into
a substitution which replaces £ and &, by

(W= MN)E + Dk, (o — p)E, + 2ok,

respectively. Hence must Ap==0, pod = 0.
TaEOREM. Within O, the group G is self-conjugate only under G, .
35. A substitution S commutative with &, must replace & by == £ (Corol-
lary II of § 22), and must transform C|C, into itself or C,C,. Hence
8= 0,0, ,0 or its product on the right by B,. Now O} Og ¢ transforms
B,C,C; into

E=—t E=f, &=k + (P —o)E,
£ = (P —o*)b— 20k,  E=—E,

which belongs to X, if and only if po = 0. Accordingasoc=0orp=0,it
becomes B,C,C; or B,C,C,, respectively. Hence if O} # O% ¢ belongs to O, it
isa @3, ¢ sB;, or the product of one of them by C,C,, Finally, B, does
not transform A, into itself.

THEOREM. Within O, the group K, is self-conjugate only under

(64) Hypyy= (@14, By, Gyy).

For p" = 8 or 5, this group becomes /3, .
36. A substitution commutative with A} must be of the type S of §35.
Now O} Op 7 evidently transforms B,C,C, = O} ;' 05" into itself. Hence
it transforms into itself B,C,C, = B,C,C,- C,C,, B,C,C,= B,C,C,- C,C,,
B,C,C,= B,C,C,- C,C,C,C,. Also, B, transforms 3 into itself.
THEOREM. Within O, the group H is self-conjugate only under

(65) Hyposy = (@1 Q51 Gyy)-

For p” =38 or 5, this group becomes G,.

87. A substitution S commutative with G2 must replace & by = £, (Corollary
IT of §22) and transform C,C, into itself or C,C,. Hence S= 0, ,0, ,C or
its product by B,, respectively.

TaEOREM. Within O, the group G2 is self-conjugate only under

(65°) Hipryy = (@4 Q575 Goo)-
For p" = 8 or 5, this group becomes G,.
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38. The group K, is certainly self-conjugate under A, of § 33. Within the
latter C,C,, C,C; and C,C; are conjugate, and H,, has substitutions which
transform €, C, into itself and C,C, into C,C,. It thus remains to determine
the substitutions .S commutative with each C,C,, C,C;, C,C,. Now 8= 0}+C,
where C'is a product of the C,.

TreOREM. Within Oy, K| is self-conjugate only under Hy,,. .

39. A substitution commutative with A" and hence with C, C, is either
S8=0p#0,,sor SC,. Now § transforms C,C,C,C; into

B= (= N+ 20k, B =20+ (N — ),

§;=—Ez, E;=—f4a ‘E;=_§5‘

Hence Ap = 0 is the necessary and sufficient condition that the transform shall
belong to K. The substitutions commutative with it are

CO, , 5, (£&)C0,,; (c=1, 0, G, O G).

The number of substitutions O, , ; of determinant +1 is 2(p™ —1)p", by
Linear Groups, p. 160. Hence }-8-2(p* —1)p" substitutions of O, are
commutative with A},

Tueorem. Within Oy, K is self-conjugate only under G, pm_y)

CoroLLARY. Exactly p"(p™ — 1)(p" — v) substitutions of Og, are commu-
tative with C, C;.

40. A substitution § commutative with o/, replaces & by = &,. If S is of
determinant + 1 and is commutative with B,C, C, it has the form

;
% o TS a,
Ay Ayy Ayg Ay
K= — Qg — &y, ay, Ay

a23 a24 a2l

0 0 0 0 +

= o o o O

J

If K 'is commutative with C,C,, then o, = a,, = a,, = a,, = 0. The resulting
2(p" — v) substitutions are commutative with B, and hence with o/, and all
belong to O,. If K transforms C,C, into B, (and i.ace B, into C,C, and
hence o/ into itself), then a, = a,, a, = a,, a,, = a,, a,, = a,,. The orthog-
onal conditions then reduce to a, = + a,,, a,, = F a,, a?, + o’, = 1. Denot-
ing the resulting substitution by &, we have A_ = K, C,C,. We proceed
to show that A, (and hence A_) does not belong to O,. Setting a,, = a and
a, =3, we have for A
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a B a B 0

B—a B —a 0
[¢,B]=|—a -8B a B 0 (+p2=1%).

—B a B—a 0

o o0 o0 o 1

For p»=3, [1,1] = W?*(§E,)C,.

[-1, —-1]= [1,1]C.C,C,0, [1,-1]= W*(§,6€,)(&&)C,.C,0,,

so that none of the [a, 8] belong to O, .
For any GF[p*] in which — 1 is the square of a mark i, we make the
transformation of variables given in Linear Groups, p. 180, and get

1713 }713 1714 st Y24 1,34
Yi,lt(1+a) —3(a+iB) B 3B —§(a—iB) 3(1—a)
Y |d(a+iB) —iB  3(a—iB) (a—iB) a —3(a+iB)

Yu ¥B  —1(a—iB) $(1—a) —§(1+a) $(a+iB) —}iB
Y 38 —3(a—iB) —3(1+a) (1 —a) }(a+iB) —4iB
FolH(a—iB) @  —Ha+iB) —da+iB) B  —(a—iB)
Fili(l—a) 3(a+iB) —3iB —3B 3(a—iB) 3(1+a).
The determinant (141) of Linear Groups, p. 154, here equals

1(1 + 2iB)(a* +iB + B*)
and must be a square or zero. Applying o® 4 8% = }, it reduces to
1H(1+2i8).

By proper choice of ¢ as a root of * = — 1, we can assume that 1 4 2i8 4 0.
But 2 is a not-square. Herice none of the [a, 8] belong to O,.

Finally, C,C, of J, transforms B, C, C, into its inverse B,C,C,.

TueorEM. Within O, the group J is self-conjugate only under

(66) Gopry = (Gys Q0531

CoroLLARY. For p" =3 or §, J, is self-conjugate only under G,,.
41. A substitution S commutative with F7,” replaces & by &= §,. Then S'is
commutative with B,C, C, if and only if it has the form
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[ oy P} a3 Ay 0]
— % I Ay — %y 0
S, = a3 A3 %33 %34 0
Agg — Qg — gy A3 0

. 0 0 0 0 +=1

Hence S, is commutative with the inverse B,C,C, of B,C,C,. There are four
further substitutions of period 4 in 7'y': B,C C,, B,C,C,, B,C,C,, B,C,C,.
If S, is commutative with B,C,C,, then a, = —a,, a,= —a, a,=a,,
a, = a,. The orthogonal conditions then reduce to af, + a2, + af, + a?, = 0.
Hence by Linear Groups, p. 47, there are p* — p" substitutions S of determi-

nant + 1 commutative with B,C, C,, and consequently commutative with
B,CC,-B,C,C,= B,C C,

and hence with the group Fy. If S, transforms B,C,C, into its inverse,
S, = 8,C,C,. If 8 transforms B,C,C, into B,C,C,, S, = S](&,EE,) and
transforms B,C, C, into B,C,C,. By symmetry there exist orthogonal substi-
tutions of determinant + 1 which transform F7’ into itself and transform
B,C,C, into B,C,C, and are commutative with B,C,C,. Hence there are
6-4.(p* — p*) orthogonal substitutions of determinant + 1 which are com-
mutative with #;". Exactly half of these belong to O,, since (£ &,) C, trans-
forms B,C,C,, B,C,C, and B,C,C, into B,C C,, B,C,C, and B,C,C,,
respectively, and hence F7 into itself.

Taeorem. Within Oy, F'y is self-conjugate only under G'yypn(pm_s-

42. The group K contains I, C,C,, B, and B,C,C,. Now C,C; trans-
forms B, into B,C,C;, and C,C, into itself. By § 32, O, contains a substitu-
tion which transforms C,C, and B, into each other. Hence the number of
substitutions of O, commutative with A’; is 6 times the number commutative
with each of its operators. If (a;) is commutative with C, C,, then a,,, a,,, a,,,
Ogyy Ogyy Gygy Oy Gy Oy Guay Oy & are all zero.  If it is also commutative with
B, then a, = a,, ay=0a,, a,=0a,, &, =0,, o, ,=4d,, a,=0a,. The
resulting orthogonal substitutions are

0 a, 0 0]

ay 13
0 azz 0 a24 azs [ °’~:1 + a?a =1,ap03=0
(67) “13 0 a, 0 0 0'32 + ouh + a;s =1, 2ay04, + als =0
2°‘§z + ags = 20‘:5 + a§5 =1
0 N 0 gy Qg L %2 ( agy + ogy ) + gz =0
0 a, 0 a, a]

Trans. Am. Math. Sce 3
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The condition that the determinant shall equal + 1 is
(68) (= %) [ a5 (2 + ay) — 2050, ] = 1.

The conditions on a,,, a,,, a,, a,,, o, are seen to reduce to the following :
69) a,,=a,, =1, a,=*ay, a, = 5 2a,, — 1, 222, + (20, =1)’=1.

By Linear Groups, p. 48, the last condition has p" + v sets of solutions
a,, 20,41, if 2 is a not-square and »= =4=1 according as p"=4/=+1.
There are 4 sets of solutions of af + o, =1, a,a,=0. Of the resulting
2-4-(p" + v) substitutions, half belong to Oy, since but one of the pair § and
S(&&,) C, does.

TaeoREM. Within Oy, K is self-conjugate only under Gy pny,,-

43. The group 7 contains C,C, and C,C,, but no further C,C;. Hence,
as in the proof of Corollary IIT of § 22, a substitution § commutative with 7,
must replace the pair £, & by £ £, &= £, in some order. Hence §'is commuta-
tive with C,C;. If S be commutative with B,, it is of the form (67), of which
4(p" + v) belong to Oy. Then S is commutative with B,C,C; and trans-
forms B,C,C, into B,C,C, or B,C,C,, since it transforms C,C, and C,C,
amongst themselves. Next, C,C, transforms 7, into itself and B, into B,C, C,,
B,C,C, into B,C,C,. Finally, B, and B,C, C, have different characteristic
determinants.

THEOREM. Within O, T, is self-conjugate only under Gy, ,,-

44. Every orthogonal substitution commutative with 5, C, C; has the form

all O al3 0 O
0 Ay 0 Aoy %25 [afl‘i'afa:]y o+ ofy + ofy =1 1I
M) —a, 0 a 0 0 Rogy gy s = 0 :
Syt s 2k =1 |
0 a, 0 o, —a, U tgg ot — gy 053 + otz a5 =0 J
0 %5 0 — %5 %5 )

The conditions on a,,, a,,, a,,, a,,, @, and that for determinant + 1 are seen to
reduce to (69) if the sign of a,, is changed in the latter. Hence these conditions
have 2(p" + v) sets of solutions. Again, o? + a?, =1 has p” — v sets of so-
lutions.  Hence exactly * p™ — 1 of the 2(p™ — 1) substitutions (70) of
determinant + 1 belong to O, .

Observing that C, C; transforms B, C, C; into its inverse, we may state the

Taeorem. Within Oy, the group (B,C, C) is self-conjugate only under
a group Gy pon_1y-

*To make an explicit determination of them, we proceed as in Linear Groups, § 189. When
— 1 is the square of a mark 7, (70) becomes
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45. Since L, contains a single cyclic subgroup ( B,C, C;) of order 4, a sub-
stitution which transforms Z into itself must be of the form (70) or its product
by C,C;. Now (70) transforms the substitution C,C; of L, into

(a?, — ol 0 20, 2, 0 0
0 1—24, 0 2a2, k
(1) | 2a,a, 0 ol —al, 0 0 [ = 055 (004 ) —035.255 ]
0 2a2, 0 1—2a2, —#k
. 0 k 0 —k  1—2a,

If (71) reduces to C,C;, then a,=0, a,, = 0, a,, =1, so that (T0) becomes
1, C,C,, C,C,or C,C,C,C,,in case it belongs to O,. If (71) reduces to
C,C;, then o, =0,0a,=0, a,=—1, so that (70) becomes B,C,C, or
B,C.C, (i=1,8),in case it belongs to O,. The remaining substitutions
of period 2 of L, other than C,C,= (B,C,C;,),are B, and B,C,C,. But

(71) cannot reduce to either of these when 2 is a not-square. Now
(72) I’ 0103’ 0204’ 01020304’ Bacios’ B30i00 (i=1,3),
together with their products by C|C, give the 16 substitutions of @;,.
(3 (14 ay) — s 0 0 — fong 3(1—ay))
ous tlan+ap) Py P j(an—om) — oy P, =% (age ¥ 1+ tags),
P_=l(ag ¥ 1 —iay),
0 P 4 B —Ph 0 A= 34agy * 2agg *iazs + fags — 1),
_ B =% (age ¥ 2ay *iags —fags+ 1),
0 P- ¢ D Pe 0 C=J%(az = 2azs Fiags +dags + 1),
tus F(an—oy) — P — Po f(aytan) —jos D= 4(azm = Zagy Flags — dags — 1.
1(1—ay) ous 0 0 g F(1tay))
It is seen to be the second compound of
|' z i ry —rx WI
z w rw —rz _ _1
= po o _on=l)
: —rz —rw W —z } ( Tton e )
L re ry —y z )
if and only if the following conditions hold
P P — =+l o, 4 —B
=14 PTrre T3y TTree Vo
. - el L, =C - P
=TT T YTty 172 VT e

We have 1+72=2/(1+ «,). These conditions are seen to he compatible and to determine

(except as to sign) marks x, y, 2z, w of the field if and only if any non vanishing one of the last

four fractions is a square. For example, BC=1(1 —o0y)% AD =} 14 ay)%, AB=— F2.
If 0y3==0, a;, =41, we take r=10. If 0;3=0.a;; =—1, the formule fail, but the sub-

stitution (70) is then the product of the preceding by C,C;, so that one belongs to Oq if the
other does.
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TaeoreM. Within O, the group L, is self-conjugate only under G;.

46. The group H3 contains 8 substitutions of period 4: B,C,C, and
B,C,C, (i=1, 3), all of which are conjugate under G, (§6). A substitu-
tion which transforms B, C| C; into itself and C,C, into a substitution of A3,
belongs to the set (72). Indeed, the conditions on (70) are

a,=0,0,=0,0,=0,0,=—1; or a,=0,0,=0,a,=0,a,=1.

THEOREM. Within O,, the group H? is self-conjugate only under G,.

47. The only self-conjugate substitutions of period 4 of F; are B,C,C, and
its inverse B,C,C, (§18). These must be transformed among themselves by
any substitution commutative with #,. Every substitution § commutative

with B, C, C; has the form

ay, Ay a3 Ay 0

— % Ay — %y 3 0

S = I a, Oy Ay a0
| —ay, oy —ay,  ag 0
o 0 0 0 =1

The further substitutions of period 4 of #,; are B,C,C, and B,C,C,, B,C,C,
and B,C,C,, B,C,C; and B,C,C,, the two of each pair being conjugate within
G,,, under which " is self-conjugate (§ 10).

If S is commutative with B,C,C,, then a,, a,, a,, a,, are zero, so that
8 = Opye2 Oy if it is orthogonal and of determinant + 1. If further §
be commutative with B,C,C, and hence with #, then a, = a, a,, = a,.
But if S transforms B,C,C, into B, C,C,, then a, = a,, a,, = — a,,, so that
S = OpyenOpy=r(EE, )C, and hence is not in O,. Hence Of1 20z *2 and
its product by C,C, are the only substitutions S of O, which are commutative
with 7 and B,C,C,. Their products by B, are the only ones transforming
B,C,C, into B,C,C,.

If an orthogonal substitution of the form § transforms B,C, C, into B,C,C,,
it has the form

S
a, g a3 Ay 0
— % a, — 9y A3 0
o +afy =1
S'=1—a a a —a 0 ( 11T Ay )
12 11 14 13 als+al, =3
—a —a a3 Ay 0
0 0 0 0 =1

J

Its determinant equals ==4(a} + of,)(al, + al,). We therefore take
+1=+1. Then § transforms B,C, C, into
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0 p 0 o O
—p 0 —c 0 0
— p=2a,0,,—2a,,0
0 7 0 P 0 (‘7=_ 2“11“13—2‘112‘114) ’
—¢ 0 p 0 0
L0 0 o0 o 1]

Then p?+ 6*=1. This belongs to #,; (and consequently S transforms F,
into itself) only when po=0. If o =0, it becomes B,C,C, or B,C,C,.
If p=0, it becomes B,C,C, or B,C,C,. Since 2 is a not-square, the condi-
tions on & show that a,,, a,,, a,, a,, all differ from 0. Hence p= 0 gives
a,==+a,, a,=xa,, while 0 =0 gives a, =+ a,,a,=7F«a,. From
the remark at the end of the section it follows * indirectly that exactly half of
the resulting substitutions belong to O,.

If an orthogonal substitution of the form § transforms B,C, C, into B, C, C,
then §= §'(§€,) C,.

The total number of orthogonal substitutions S of determinant + 1 which
transforms #; into itself is therefore 6-4-(p" — v). These, together with
their products by C,C, (which transforms #; into itself and B,C,C, into its
inverse B,C,C,), give all of determinant + 1 which transforms #; into itself.
But (£, £,)C, transforms #; into itself. Hence exactly 6-4-(p" — v) belong
to Og.

TueoreM. Within Oy, F; is self-conjugate only under Gy pn_,,-

Another proof follows from the results of § 26. The substitutions of O,
commutative with B,C, C, are found from those commutative with B,C,C, by
transformation by (§,£,€,). From (55) we thus get

(13) B,, B,C,C,, B,C,C,, B,C,C,C,C,, B,C,C,, B,C,C, B,C,C,, B,C,C,
(i=1,3;j=2,4).

Hence, for p” = 3, these and their products by W (£,£,€,) and by its inverse
give all the substitutions commutative with B,C,C,. Inversely, they trans-
form F\ into itself. For p" =5, the 12 types S’ with a single vanishing a;,
are seen to be excluded as in § 27. Consider next  *, the transform of S’ by
(€,€,€,), where S’ is the substitution of §11 subject to the conditions (56).
We find that 2 * transforms C,C, and B, into respectively

*To give a direct proof for p» = 3, we note a substitution given by the lower signs is the
product of C;C, and that given by the upper signs. For ay=a;, =41, qy =0, =+1,
S=W2(£,636) s forayg=oay =+ 1, oy, =y, =—1, 8=W2(§,5£,) 0B, ; forajy=oay,=1,
ay=—oy=—1, &=CCW(£§)(§5)0CGGO=8"; forag=a,=1, ay=—ay=1,
& = C,C;87C,C,. All other cases follow at once from these.
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0 0 p o O] O 0 u 0

0 0—o p O[]0 X —pu 0 0} o at2mapaom
P 00 00k mr 00 T
o p 0 0 O] |p 0 0 —x 0 lr=20ma—2ua
0 0 0 o 1/{0 0 o0 o0 1

Since p? 4+ o = 1, either p = 0, whence the first substitution is either B,C;C,
or B,C,C;,or o =0, whence it is either B, or B,C,C,C,C,. Since M4 pu’=1,
either A = 0 and the second substitution is either B,C,C, or B,C,C;, or p=10
and it is either C,C, or C;C,. The resulting substitutions all belong to Z.
But B,C,C,, C,C, and B, generate F;. Hence each of the 32 substitutions
3 * transforms 7 into itself. These together with the 16 substitutions (73)
give all the 48 substitutions of O, which transform # and B,C, C, each into
itself. But B, transforms #; into itself and B,C, C, into its inverse. Hence
' 18 self-conjugate only under the group (Gy,, =*) of order 96.
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